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Abstract 

A functional formulation and partial solution is given of the non-abelian eikonal prob- 
lem associated with the exchange of non-interacting, charged or colored bosons be- 
tween a pair of fermions, in the large s/small t limit. A simple, functional "contiguity" 
prescription is devised for extracting those terms which exponentiate, and appear to 
generate the leading, high-energy behavior of each perturbative order of this simplest 
non-abelian eikonal function; the lowest non-trivial order agrees with the correspond- 
ing SU(N) perturbative amplitude, while higher-order contributions to this eikonal 
generate an "effective Reggeization" of the exchanged bosons, resembling previous 
results for the perturbative amplitude. One exact and several approximate examples 
are given, including an application to self-energy radiative corrections. In particular, 
for this class of graphs and to all orders in the coupling, we calculate the leading- 
log eikonal for SU(2). Based on this result, we conjecture the form of the eikonal 
scattering amphtude for SU(N). 
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I Introduction 



One of the most persistent problems in the apphcation of field theory methods 
to particle scattering has been the inability to generalize, in a direct functional, non- 
perturbative way, abelian eikonal models to their non-abelian counterparts. Many 
efforts in this direction have of course been made over the last several decades, us- 
ing the partial, perturbative summation of an eikonal function or a variety of 
non-perturbative approximations p|. In ref. |@], for example, a "mean- field" approxi- 
mation was made to the relevant functional integrals corresponding to the exchange of 
neutral vector mesons (NVMs) between scattering nucleons, which include the restric- 
tions of SU(2) isospin; and the result, while "approximately correct", left a certain 
unease in its wake. A more modern example is the problem of how to include SU(3) 
color restrictions in QCD4, which must be faced if one is to attempt any functional 
calculation using the recent, exact and approximate Greens' functio ns Gc{x,y\A) of 
that theory P]; or, indeed, the new dimensional-transmutation/flux-string expansion 
of quark-quark scattering amplitudes [§| . 

We give in this paper a complete, if formal, representation of the simplest non- 
abelian eikonal, corresponding to multiple gluon exchange between scattering quarks 
without virtual gluon-gluon interactions; we extract that portion which can be eas- 
ily isolated, and define a particular, ordered-exponential (OE) representation of the 
remainder, which can be expanded or approximated in various ways. In particular, 
we define a simple, functional procedure called "contiguity" , which, in an immediate 
way, isolates at least a subset of those terms that are definitely exponentiated, and 
can be represented to all orders by a perturbative expansion of the eikonal. These 
terms correspond to the leading s-dependence in the lowest, non-trivial order, and 
we argue that they correspond to the extraction of the leading s-dependence in ev- 
ery perturbtive order of the eikonal function. For quark-quark scattering, the result 
duplicates the essence of well-known, leading-log perturbative estimates previously 
calculate d for amplitudes The method will be illustrated in two contexts, and its 
applicability discussed for more general, non-abelian problems; in particular, for this 
class of graphs and to all orders in the coupling, we calculate the leading-log eikonal 
of SU(2). 

To our knowledge this is the first time that such estimates have been obtained in a 
purely functional context, while the contiguity technique opens the way for an attack 
on other, more complicated, non-abelian eikonal problems, such as those which in- 
volve virtual gluon-gluon interactions (in particular, the so-called "towers" and their 
generalizations), as well as self-energy and vertex effects of non-abelian, virtual-gluon 
emission and absorption by a single quark. However, by treating only boson exchange, 
without self-interactions between the exchanged bosons, we are apparently going to 
violate requirements of gauge invariance, which for perturbative, Yang-Mills gluons, 
require the simultaneous computation of all relevant graphs of a given order, and not 
just the simple eikonal graphs considered here. Surely the same sort of inclusion must 
eventually be true for any non-perturbative attempt. We ask the reader to suspend 
judgment on this point until the final discussion presented in the Summary of Section 
6; and to realize that, while gauge invariance must of course be insured in any com- 
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putation whose results are going to be compared with experiment, we are proposing a 
functional attach on that part of the problem of immediate concern to the scattering 
quarks. This is important because a functional treatment contains all powers of the 
coupling; and it is useful because there exists an additional, computational step by 
which gauge invariance can be re-established - including the relevant contributions 
generated by all gluon-gluon interactions - later on. The main thrust of the present 
paper is the functional extraction of leading- log, energy dependence of the simplest, 
non-Abelian eikonal. 

We begin at that stage of a quark-quark scattering amplitude where mass-shell 
amputation (MSA) has already been carried out on the fermion Green's functions 
(Pi,2|G'c[A]|p'^ 2) approximated in a no-recoil fashion ^j, and the essential structure of 
the eikonal function which describes non-abelian NVM exchange between a pair of 
fermions (quarks, for SU(3)) has been recognized as: 



Q 



XI) 



\ I = All = 0,gi = g2 = g 

where zi^2 and pi^2 are the fermions' configuration and momentum coordinates, and 
is appropriate boson propagator. Eq. (1.1) defines "linkages" between a pair 
of OEs, and the result will necessarily be a "doubly-ordered-exponential" . How this 
can be transformed into a pair of single OEs; how the leading-logs of the latter may 
be extracted, leaving but a single OE; and how that OE can, for SU(2), be summed 
explicitly over all perturbative orders, is the main content of this paper. 

More precisely, the preferred method of obtaining the eikonal in the conventional 
case, where the conventional, no-recoil approximation of Gcl^] destroys coordinate 
symmetry of this Green's function, is to calculate not T^ik but, before MSA: 



eik 



dgidg2 gig2 50(0) #(0) 
/ 
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-igi / ds(t){s)pi ■ Ai{zi - spi) ■ A 
3 J —00 

I 

/+00 \ 
dt^{t)p2 ■ An{z2 -tp2)- X" 
-00 



(1.2) 



and integrate over gi^2 (with the boundary conditions Teik{gi,0) = Teik{0,g2) = 0) 
after the necessary functional linkages have been performed M; it has been assumed 
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that the RHS of (1.2) is a function of ,22, and the subsequent 5^^\qi+q2) statement 
of 4-momentum conservation has been suppressed. For simphcity we consider the 
quantity of (1.1) as representative of the correct eikonal - it is exactly the eikonal 
in the absence of non-abehan comphcations - even though it is quite possible to 
produce, upon integration over the couplings of (1.2), combinations which are more 
complicated than that of (1.1). However, eq. (1.1) is representative of the full, non- 
abelian structure of the problem, and we here restrict attention to this quantity. The 
non-commuting objects Aq are taken to be the Gell-Mann matrices of SU(N). We 
again emphasize that more complicated eikonal graphs, such as the "tower graphs" of 
Cheng and Wu |l[], are not inc luded in this analysis, although they can be formally 
inserted by the functional methods outlined in the last chapters of references [jl| and 

i- 

In the abelian case, where yl" A^, and the are missing, the functional 
operation of (1.1) may be performed immediately, yielding: 

r r+oo 

= W {Pi ■P2) / / ds dtA^ {zi - Z2- spi + tp2) (1.3) 

with a propagator Q^i,{xi,X2) = 5^,yAc(xi — X2). The proper-time integrals are easily 
performed when a Fourier representation of Ac is inserted into (1.3); and one finds: 

iX = -tf^{s)Ko{fib) (1.4) 
Ztt 

(s — 2m^) 

where 7(5) = —1^^=^^= is that factor depending on the spin of the exchanged 
J s{s — Am?) 

boson, of mass /x; the fermion mass is denoted by m, and in this equation, s denotes 
the total CM (energy)^ of the two quarks. In all subsequent expressions, we shall 
assume the high-energy limit, where 7(5) — > 1. 

We give in the next Section a new, functional formulation of the eikonal of (1.1), 
and, in an appropriate kinematical situation, display one exact solution. More gener- 
ally, a perturbative expansion of this eikonal functional may be defined, and certain 
obvious terms (which are the most elementary generalizations of the abelian eikonal) 
are summed to all orders. In Section III, we define the statement of "functional con- 
tiguity", which isolates those terms of (1.1) that are definitely exponentiated, and 
which appears to generate the leading \ji{E/m) dependence of every perturbative 
term of the non-abelian eikonal, when the necessary, doubly-ordered-exponential is 
defined in a moderately elegant way. In the next Section, we discuss the leading-log 
approximation, and show how the extraction of such terms (from "nested" momen- 
tum integrals) can reduce the complexity of the computations to operations upon a 
single OE; for SU(2), these operations are performed and summed to all orders, and 
suggest a conjectu re for the corresponding eikonal scattering amplitude of SU(N). In 
Section V, we apply the analysis to self-energy processes, as well as to eikonal tower 
graphs and their generalizations, while Section VI contains a summary of our present 
understanding of this eikonal construction. 
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II Formulation 



In order to perform the functional operation of (1.1), it is useful to introduce for 
each OE the functional representation: 



/ /•+00 

-ig 

V 



/+00 
dspi^A^z - sp)Xa 
-oo 



N' / d[a] / d[u] e •'-oo 



(2.1) 



/ f+oo 

i 



dsXaUa{s) 

-oo 



V 



or, more simply, rewriting (2.1) as: I ®exp —i dsp^j^A'^^[z — sp)aa(s) , where N' 
is an appropriate normalization constant. That (2.1) is trivially true can be seen by 
breaking up the — oo < s < +oo range into small intervals, and integrating over the 
tta(si) which leads to a delta functional of the Ua{s), whose integration immediately 
produces the LHS of (2.1). The advantage of this procedure is that the functional 
linkages of (1.1) are now abelian, and may be performed immediately, yielding: 



h 



exp 



dsdtaa{s)Qab{s,t)Pb{t) 



(2.2) 



with Qa,b = g'^PiQ^i,P2: aiid where the /i,2 denote, from (2.1), simultaneous functional 
operations to be performed on the aa{s) and Pbit) variables. 

These final operations are what is now needed, and may be delineated by the 
insertion of relevant source and parameter dependence, followed by a "Schwingerian 
search" for an appropriate "differential characterization" . With the definition: 



R{s,t\^,ri) ^ N'J d[a] J d[ 



u\ e e e 



■N' I d[P] I d[v] e'^-Zl"-'" ( e'^-o^^"A e'-/'-- 



(2.3) 



exp 



f r+co 

: / / ds'dt'aa{s')Qab{s\t')(5b{t') 

J J —oo 



comparison with (2.2) shows that the quantity needed is lni?(-|-oo, -|-oo|0, 0). One 
can create a variety of differential equations involving the proper-time parameters s, t 
and the sources ia{s),rib{t); but for present purposes, it seems to be sufficient to work 
with only s and rj, so that we consider R{s, -|-oo|0,7;) = R{s\ri). 

We next outline the steps which result in the differential equation (2.6), stated 
below. Calculation of {d/ds)R{s\r]) brings down under the integrals the quantity 
iA^-Ua(s), standing to the left of its OE, which may be represented as A^^(s) acting 
upon exp [i J a ■ then a functional integration-by-parts moves this 6/6aa{s) to act 
upon the last line of (2.3), which generates under the functional integrals the net 
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quantity (— i) dt\lQab{s, t)Pb{t). The procedure may now be reversed, represent- 
ing (— by the operation —8/8vi,{f) acting npon exp [i/v • and using another 
functional integration-by-parts to convert this to the operation: 



e^/'"" (2.4) 



written in terms of the anti-ordered quantity: 



e Jt 

We introduce the notation: 

// 



and observe that (2.4) may be rewritten as: 



(2.5) 



Vb{t)+K{t\6/6v) 



SO that, finally, one obtains the differential equation 

dR{s\7]) 



ds 



dtXiQab(s,t) 



ri,(t)+Ai' [t\ 



6ri 



■ R{s\v) 



(2.6) 



With the boundary condition i?(— oo|?]) = 1, easily seen as appropriate from the 
definition of R{s\ri), the solution to (2.6) may be written as an OE: 



R{s, t) — exp 



/s r+oo 
ds' dt'XiQab{s\t') 
-OO J —CO 



r)b{t')+Knt'\ 



(2.7) 



with the ordering indicated for the s' variables only. With s ^ +oo and — >^ 0, we 
then have a representation of (2.3) which apparently involves a single OE; however, it 
should be noted that the second ordering will be found in the definition of Af^, eq.(2.5), 
so that there do exist two sets of "orderings" , although they can now be addressed 
separately. In fact, the "t-orderings" can be defined from the integral solution to the 
differential equation satisfied by A^J (^1 J?)' latter may immediately be obtained 
from its definition (2.5): 



-A" (t\^' 



which, together with the boundary condition at t = oo, generates: 
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SrUtr'" V'SvJ ^^'^^ 
whose repeated iterations contain all the t-orderings of the problem, and where the 
fabc are the structure constants of the SU(N) algebra. 

Conventional eikonal models replace Qa,b by Sa,bQ{s,t), and in the absence of any 
other isosp in/color vector, we may expect that the result will generate the products 
A-^-A^^ The latter may then be replaced by eigenvalues appropriate to the scattering 
problem; for example, in the SU(2) isospin scattering of two nucleons, those eigen- 
values are given by I (I-|-l)/2-3/4, for singlet (1=0) or triplet (1=1) total isospin; for 
SU(3), the situation is somewhat more complicated, as one tries to extract the overall, 
contribution of the eikonal to the singlet scattering amplitude 

While (2.7) is a formal solution of the problem, certain terms of its expansion 
can be summed without difficulty. To see this, consider the expansion of (2.7) up to 
quadratic Q-dependence: 



R 



I ds'dt'X[Qab{s\t') 

J J —oo 



6ri 



+ 



+zM / (isifitiA^Qaibi (si,ti) / ds2 / dt2 X"^Qa2,b2 (■'^2,^2) ■ (2.9) 

J J —00 J —00 J — 00 



5r] ' 



5rj 



+ 



With the definition of A^^(t|;|^), it is clear that the only contribution of the hnear 
Q-terms is: 



ds dt XlQab{s,t)\" 

J J —00 

while the ^ -independent part of the quadratic Q-terms of (2.9) yields: 



(2.10) 



r r-\-oo rsi r+oo 

/ dSidhXi,Qa,b,Csi,h)Xi[ dS2 dt2Xi^Qa2bAs2,t2) Xg (2.11) 

J J —OO J —OQ J —OO 

This structure, obtained from the first term, Af^, in the iterative expansion of A^^, eq. 
(2.8): 



Af(t|i-).Af-2./..A^^f 



(2.12) 



will appear in every term of the complete expansion of R, and generates the OE: 



exp 



; / / dsdtxiQab{s,t)xi' 



(2.13) 
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If, as typical, Qab = SabQ{s, t), all the ■ Af^ terms in the expansion of (2.13) combine 
to form the products A^ ■ A'^^, at which point the OE becomes an ordinary exponential 



oe 



exp 



(A^- A^^) J J^"^ dsdtQ{s,t) 



(2.14) 



The 



where the combination A^ ■ A^^ may be replaced by its appropriate eigenvalue, 
value of the integrals of (2.14) may be read off from (1.3) and (1.4). 

It is instructive to continue with the example of (2.9) and calculate the first 
commutator-term, as in (2.12), to this quadratic Q-dependence; it is: 



'^ifhbid dSidtiXi^Qaibi{Sl,ti) dS2 dt2\i^Qa2b2{s2,t2)X" . (2.15) 

J J —oc J —oo Jt\ 

If, again Qa^ = Sa,bQ{s,t), the antisymmetry of (2.15) under 61,62 exchange is 
converted to a like antisymmetry under ai,a2 exchange, so that the pair A^^A^^ 
be replaced by ifaia2cXi- One then finds the double summation J2aia2 faia2cfaia2d = 
C2Scd, where C2{N) = N denotes the value of the quadratic Casimir invariant of the 
adjoint representation; and (2.15) becomes: 

-2C2[X^-X") dsdtQ{s,t) dsi dtiQ{si,ti) (2.16) 

In a typical eikonal situation corresponding to NVM exchange, Q{s,t) = (pi • 
P2)Ac (-21 — Z2 — spi + tp2), and the integrals of (2.16) may be evaluated to yield the 
leading ln(£'/m) dependence: 

.C2 (g^ 

where AE"^ denotes the total CM (energy)^ of the scattering quarks. The form of (2.17) 
is worth noting, for it contains the new feature of a \n{E/m) dependence multiplying 
reasonable, impact-parameter dependence; as explained in great detail in reference 
]l|], it is the first appearance of an effective Reggeization of the exchanged gluon, and 
it appears directly in the eikonal function. 

Before discussing how such contributions may be extracted and summed in this 
functional context, it may be appropriate to note that there is at least one kinematical 
context in which (2.13) is the exact result. This is the special case where Qa,b{s,t) = 
Qa,b{s)S{s — t), when the functional derivatives of (2.12) can never appear (due to a 
mis-ordering of subsequent, proper-time variables). 

Another example where differences may be expected from the usual eikonal forms 
results from the appearance of a Qa,b = fabc^cQ{s, t), where is a color vector in the 
flux-string model of reference 0]. Because this Q is proportional to a delta function of 
the square of the X1—X2 variables of (1.3), it produces an OE with only s dependence, 
and the kinematical forms which appear are quite different from the examples noted 
above. 



(a' ■ A'') \n{E/m)K^{fib) 



(2.17) 
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Other formulations of the solution to (2.6) are possible, such as the representation 
of R{s\r]) by a Fourier functional transform, and the STibscqucnt conversion of (2.6) 
to a differential equation linear in parametric and functional derivatives. However, 
because of the non-commutation of the Aa, this route does not seem to lead to any- 
real simplification. 



Ill Contiguity 



A representation for the general structure of all such terms may be obtained by the 
following argument. Return to the differential equation (2.6) for R{s\r]) and make the 
ansatz: R = RqUq, where we shall assume in all that follows that Qa,b = 5a,bQ{s,t). 
The quantity Rq{s) is defined by: 



Rq{s) = \ exp 
and substitution of (3.1) into (2.6) then yields: 

dUo 
ds 

with solution 



ds' / dt'XiQis', t') \r)a{t') + 



(3.1) 



i J^ytR,\s)XiQ{s,t) AAi^ (^t\£j R,{s) ■ Uo{s), AAf = - Af 



i ds' j^^ dt'R^\s')XiQ{s',t')AX'^ [t'\-j Ro{s') j 

from which we require the limits s — ^ 00,1] 0. To quadratic order in Q, one finds 
that the expansion of Uq generates (2.16), as it must; but because of the Rq factors 
inside the OE of (3.2), higher-order terms will, at least in part, involve commutators 
of the A-dependence of Rq with neighboring A^, A^^ dependence of (3.2); those terms 
will be different from the simple exponentiation of (2.16), but they will always be of 
higher perturbativc order then that of (2.16), and are not the leading terms of their 
own perturbativc order. Note that the combination AA^^ of (3.2) contains all the 
multiple commutators, indicated in (2.12), whose functional derivatives act upon the 
ry-dependence of Rq- 

To find that term in the eikonal of order gr^("+^) which is the leading term of that 
order, let us now write: 




A„Af t 



St] 



n=i \ ^Vy 

facidi fdiC2d2 



/ dh / 

Jt Jti 



dU- ■ 



fdn-l 

dt 



(3.3) 



00 ^ 

n 



tn-l 
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and set Uq — RiUi, where we define: 
Ri{s) — I exp 



Then, by again solving the appropriate difi^erential equation, we find: 



Ui{s) = (exp 



/' ds' dt' [Ro{s')R,{s')r' KQi^'t') 

J — OD J —OO 



CO / A \ 

T.^nK'[t'\-j [Ro{s')R,{s')] 



n=2 



-is') 



Performing this operation sequentially, it is clear that the general structure of the 
result may be written as: 



R {s\r}) = Ro{s) • • • • Rn{s) ■ C/„(s) = C/„(s) 



where: 



Rn{s) = exp 



: /_! ^^'/r "^^'^''^n-lKQis^t') ■ AX Mn-1 



and: 



-is') 

(3.4) 



UJs) 



exp 



zT ds' rdt'[sVKQ{s',t')- E A,Af ft'll) [/ 



(3.5) 

Because each functional derivative ^ will generate a term (when operating on Ro{s)) 
proportional to Q ~ Q^^ci the log of Rn contains all powers of g^'^, with m > n + 1. 
The lowest order term, with m = n + 1, will contain the largest power of \n^{E/m), 
while higher-order terms constructed from the same i?„ will have no higher-order log; 
rather, the terms containing ln™(£^/m), m > will come from the corresponding, 

lowest-order terms of Rm- 

In order to define "contiguity", imagine that is expanded in powers of g^, by 
expanding its OE: 



Rn |,^oo^ 1+i j j^'^ dsdt [s\^\\iQab{s,t)/\n^^l j [s]„_i 

j j^^dsdt [s\-\\iQ{s,t)An^'l (t\j^ [s]n-, (3.6) 

/S f + OO / ^ \ 

^ rfsi dh[si]-'_, Xi^Q{s,,h) A„A'l ftil-j +••• 
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where [s]n-i = Ro{s) ■ ■ ■ Rn-i{s). "Contiguity" suggests that the leading dependence 
of ln{Rn) will be obtained if each ^n-^aj (^il^) operates directly upon the 
factor contiguous to it, that is, immediately to its right. This can be seen in the 
simplest, non-trivial terms of order g'^ and g^, and, we subsequently argue, is true 
for all terms; however, what is clear from this definition is that terms contributing to 
each order of the contiguity operation can be summed and calculated directly from 
the OE form of i?„, writing: 



Rn 



exp 



V 



dsdt [s]-l,XiQ{s,t)A„A'^ U-^] [s[ 



n—l 



(3.7) 



-is) 



where the factor-pairing notation is meant to express the subset of terms extracted 
by contiguity. 

The entire g"^^ dependence of the eikonal, that is, of ln(i?), can be obtained by 
considering the following sequence of ascending powers of g"^, in the limit of s — > 
cx), ?7 — > 0: 

All g'^ dependence is given by Ro,\n{Ro) = i (^X^ ■ X^^^ J dsdtQ{s,t). 

All {g'^)^ dependence is given by the contiguity calculation of Ri, which generates 
our previous resuh, ln(i?i) = -2C2 (A^ • A^^) //+^ dsdtQ{s, t) Jl^ dsi /,°° dhQ{si,ti) 

All {g'^Y dependence is given by the contiguity calculation of i?2, and by the g"^ 
expansion of the [sjg ^ and [s]o factors of Ri. 

All {g'^Y dependence is given by the contiguity calculation of i?3, by the g"^ ex- 
pansion of the [s]j~^ and factors of i?2, and by the g^ expansion of the [sjg ^ and 
[s]o factors of Rq; etc. 

In this way, one constructs the complete dependence of ln(i?) = ln(i?o ■ ■ ■ Rn) 

Those exponential, eikonal terms obtained directly from contiguity will contain one 
or more terms proportional to a single factor of A^ ■ A^^, while the g"^^ expansions 
of the [sj] and appear to generate more complicated group factors, similar to 

those found in the perturbative calculations of the amplitude [|[]. We argue in the 
next Section that the leading hi{E/m) dependence to the eikonal of order 
comes only from the contiguity calculation of Rn-, when the functional differentiation 
is performed only on the Rq{s) factor of [s]„. Using simple functional techniques, the 
sum of these leading contributions over all orders n is constructed for the eikonal of 
SU(2). 



IV Leading Logs 

We here give a qualtitative discussion of the leading ln(i?/m) dependence of this 
class of non-abelian eikonals (where, we again remind the reader, interacting gluons 
are not included). For this, consider first those terms of order in the expression 

for ln(i?„) arising from the contiguity operation of A^Af^ upon the factor [s\n-i stand- 
ing to its immediate right, as in (3.7). In particular, the leading terms of that order 
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will come from the A„A^^ operation upon the Ro{s) functional in [s]„_i (rather than 
the samc-fy'^-order contributiuon to the eikonal from ln(it!„_i), with A„^A^^ acting 
upon Ri{s) in [s]„_2, etc). 

For clarity, we carry the discussion through for n = 2, and then generalize to 
arbitrary n; for the moment, we suppress the fabc factors arising in the ^-dependent 
iterations of (^1^)' ^® explicitely write the s-dependent permutations that 

are generated by the functional differentiation of A2Af^ (^1^) ^P^^ -Ro(s), which are 
proportional to: 



pea § foo § / I r+oo 

/ dh / dt2 ^ . exp % / ds' dt'Q{s',t')Xir]a{t') 

Jt oricAti) Jti dr]co[t2) \ L J-oo J-oo 



+{s') 



(4.1) 

We have neglected in this R^{s) its exponential i (X^ ■ X") Jl^ ds' dt'Q{s',t') 
dependence because, as explained below, it can only contribute to orders g'^^,p > n+1, 
and carries no additional ln(£'/A'/) factors. Suppressing the superscript / for each A^, 
the functional operations of (4.1) yield: 



POO POO PS ps 

f / dti / dt2 / dsi / ds2Q{si,ti)Q{s2,t2) [AciAc26'(si - S2) + AcjA^ 61(52 - si)] 
Jt Jti J —00 J 00 

(4.2) 

and suggest the obvious generalization for n > 2 as: 

POO POO ^ PS pSn-l 

/ dti--- dtnJL dSi--- dSn- Xc^- ■ ■ Xc„Q{si,ti) ■ ■ ■Q{Sn,tn) 

Jt Jtn—1 perm J—oo 

(4.3) 

in which the n Ci indices are permuted, with a corresponding permutation of the Si, 
in n\ different ways. 

For our estimates of the ln(£'/m) depenence, we use the standard Fourier propa- 
gator representation, Ac{x) = (27r)~^/ d'^k{k'^ + ix^ — ie)~^e^^'^ ^ and (improperly) take 
the kinematic limits for each (mass-shell) quark: E — p = 0, rather than the more ac- 
curate E —p c:i m? /2E. Any integral that we find containing an UV log divergence is 
really proportional to a corresponding factor of \n.[E/m), which dependence appears 
when proper (but much more complicated) kinematics are used. 

For n = 2, let us examine both permutations, and include the iA„/ / ds dtQ{s,t) 
factor of (3.7), whose [s]{^ has been replaced by unity (because it can only con- 
tribute to higher orders with no corresponding increase in the number of ln(£^/m) 
factors). Each factor of Q carries with it pi ■ p2 ~ E"^ dependence, which is re- 
moved by the explicit E'-factors associated with the s- and t-integrations, in standard 
eikonal fashion; and we suppress all such cancelling ^'-dependence. With Q{s,t) — 
[pi ■ P2) Ac {z — spi + tp2) , where z = Zi — Z2 = {b, z^, zq) is the difference of con- 
figuration coordinates of the scattering quarks, the first of the two permutations of 
(4.1) will lead to: 



,(-) 
^2 
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{k-h- k,) + {k[+^ + ki-^^) {k[-^ + kt^) - te] " [wl + k[-^h[-^ 



le 



-1 



uj'i + k^^h'f^ - ie 



where k 



+ {k-ki 



k + ki + k2, A;W 

, 2 



^ (ki~^ + ie) ^ (kt^ + kt^ + ie) ^ (4^^ - ie) ^ (k[^^ + k 
k3 ± ko,uj'^ — jj? + kj_, and o;^ (k — ki — k-ij 



(+) 

2 



, with ± components referring to the transverse 1,2 directions 
(the impact parameter vector h) in the CM of the scattering quarks; all momentum 
integrals run from — oo to +oo. The ie factors are important, and - aside from 
the -ie of the standard Feynman propagator denominators - arise upon calculating 
Xfoo '^'^1 /-oo '^'^2 and dti dt2, when one insists upon the proper definition of the 
integrand at the ±oo limits of integration. The second permutation of (4.1) leads 
to the same form with the interchange of k[~^ and k2~\ and, it will become clear 
immediately, to the same leading-log dependence. 

It is best to begin by performing the / dki j integrations, which by simple contour 
evaluation require k[~^^ > and k[~^^ + k2^^ > 0, and generate: 



up' J cof J Ui 



{-2nifJ 



kt^ Je + ;tS+) 1 ki-'^Ujl + k^^^U, 



(4.4) 



2 



where we have inserted upper [K] and lower (e) cut offs for the k^^2 integrations, and 
have replaced the transverse k±_ variable by {k -\- ki -\- k2) i_ ■ Each of the three factors 
/ d^kuj~'^ e^^''^ generates a term {27r)Ko{fib), and the"l" of the curly bracket of (4.4) 
produces a "nested" contribution for the k[^2 integrals of amount (1/2) ln^(K/e) — >■ 
(1/2) ln^(£^^/m^), when the replacement E — c::^ m?/2E is used. In contrast, the 
second term of the curly bracket of (4.4) generates a contribution proportional to 
ln{E/m), and can be dropped as sub-leading. Quite generally, a "nesting" of the k^^^ 
momenta follows directly from the ordered t-limits of the iterates of A„A^^, while the 
sum over all permutations of the X^ - ■ ■ Ac„ follows from the ordered s-limits of the 
terms obtained upon functional differentiation of Ro{s) by A^A^^ . The leading-log 
result for each ■ ■ ■ Ac„ permutation is proportional to {l/n\) ln"(i?^/m^). 

One can easily see that any expansion of the i (^X^ ■ X^^) ds dtQ{s, t) por- 
tion of the exponent of Ro{s), in conjunction with the above forms, must always pro- 
duce sub-leading dependence, because at least one of the nested k^'^^ denominators 
needed for leading-log behavior will be missing. Further, one can also see the reason 
for the importance of the contiguity prescription, for - when the OEs defining each 
Rn are each expanded in powers of - all the non-contiguous A^A^^ (^1 J?) operations 
will display "improper" , or out-of-sequence limits for the s-integrals, which will gen- 
erate a similar sort of sub-leading behavior. For this standard choice of propagator, 
contiguity generates a first sub-division of terms containing the desired, leading-log 
dependence; and the latter arc then isolated by the retention of only Ro{s) in each 
factor of and the neglect of every in each Rn{s). 



12 



Perturbative eikonal analyses quite similar to the above have appeared long ago, 
in connection with multiperipheral processes of scalar "tower" exchange. There also 
one expects ~ and large, nested, k^^^^ momenta. What is different here (aside 
from trivial, complex, multiplicative factors) is that one must also include the sums 
over all ■ ■ ■ Xci permutations, and the general form of such a sum is not clear for 
SU(N). 

For SU(2), however, this computation can be carried through, and we now sketch 
that calculation. Its essence is to replace the leading-log dependence by another 
method of extraction which does not arise from the nested k^^^^ integrations, but 
yields, term-for-term and order-by-order, the same results. This method is defined by 
retaining the same fate factors obtained from the A„Af^ iterations, and multiplying 
those that contribute to order n by the terms: 



^ ^ rs rs„-i roo /-oo 

—i 2^ dSi--- dSn dti--- dtnQ {Si,ti) ■ ■ ■Q{Sn,tn)Xci- ■ ■ K„ 

n\ pej-jjis J —oo J —oo Jt Jt 

(4.5) 

and then summing over all n. It is easy to see that the leading- log contributions 
of (4.5) are identical to those of (4.4); the only difference is that the dk^'^^k^'^^ 
contributions of (4.5) are not nested, and that the (n!)~^ which follows from (4.4) 
because of nesting is, in (4.5), inserted by hand. This replacement can be made for 
arbitrary SU(N); but the next step, summing over all permutations of the s-ordering, 
seems to be straightforward only for SU(2). 

Because the ^-integrals of (4.5) are not ordered, we introduce the symbol Ac{t) — 
/(°° dt'j^j^^ , and as the sum of all functional operations, which when per- 

formed on Ro{s), generate the correct sequence of eabc coefficients multiplying (4.5). 
A corresponds to the set of all the iterations of the SU(2) version of AA^^ (t\ , 

where a factor of (n!)~^ is inserted for each nth order, and the operators ■ ■ ■ Ac„ 
replace the t-ordered Jj!^ dti dt2 - ■ ■ dtnj^j-^j]-^ ■ ■ ■ ) of the expansion of 
(2.8). We work directly with the contiguity approximation to Uq (rather than to the 
Rn separately), in which Rq^ is replaced by unity, and the leading- log simplification 
of Rq is used, as in (4.1); everywhere, the fabc ^abc, and Ac — > ctc. One may now ex- 
amine the first four terms of this expansion, and it then becomes clear, by inspection, 
that the full sum over all such vl-dependence may be written as: 



r 1 1 sinhf741 

^ = - ^aAb\ (7b ■ — {cosh(A) - 1} - iea^Gd ■ Ac — ^ (4.6) 



where A^ = J2cAl, and A = [A^jVs To obtain (4.6), one repeatedly uses the SU(2) 

property Y.c(^abc^cde = ^ad^be - SaeSbd- 

The functional expression of contiguity, of AX)^^[74] operating on Ro{s), can be 
performed by first introducing the representations: 



d 

dUa 



(4.7) 
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and 



1 /•! d\ 



— {cosh(^) - 1} 



d d 
dua dUb 



(4.8) 



where (A, u) are dummy integration variables. The quantity e'^^'^Ro{s)\,j^Q is then 
the OE: 



exp 



i r ds' r dt'Q{s',t')X{a^ -H) 

J — OO J t 



Hs') 



and may be replaced by the oe: 



exp 



iX (a^ ■ u) K{s, t) 



(4.9) 



(4.10) 



where K{s,t) = J^^ds' J^°° dt'Q{s' ,t'). In effect, the lack of A-ordering for these 
leading- log terms has transformed their operation upon Rq{s) into an ordinary expo- 
nential with weightings to be determined by the integrations of (4.7) and (4.8). These 
last steps are now easily performed, by the replacement of (4.10) by cos (XuK) + 

i (a^ ■ itj ^"^^ — ^, and its substitution into (4.7) and (4.8), whose evaluations yield: 



u 



^^sm^ • i?o(s)k->o = ^ (7a (i^cosX + 2sinX) 



(4.11) 



and: 



1 1 4 

A^Sab - AaAt,\ — {cosh(^) - 1} i?o(s)|r,^0 = ^Sab 



From (4.6) and (4.10), (4.11) and (4.12), one obtains: 



K 

cos{K) - 1 - —sm{K) 



,12) 



A^[A]i?o(s)|^^o - -e„ed(jiVni^cosX + 2sinX] 



+ 3<^a 



K 

cos K — 1 sin K 

2 



(4.13) 



Multiplying (4.13) on the left by , antisymmetrizing where appropriate (together 
with the Casimir relation J2ac^acd^ace = 25de); ); and including the Rq contribution of 
the product R — RqUq, one finds the eikonal given by: 



X 



= (a^ • a^^) J dsdt g (s, t) |l - 

2 1 

+ -i[K cos K + 2sinK]\ 



K 

1 — cos K -\ sin 

2 



(4.14) 
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Finally, if one imagines expanding (4.14) in powers of K{s,t), and combines each 
K'^{s, t) with the remaining integrand of f/g, one may use the easily-verified property, 
correct for the leading-log dependence of each order: 



dsdtQ{s,t)K''{s,t) 



-i^ \n{E/m)K^{lih) 



[-iL\ 



(4.15) 



so that, upon resumming these terms into the equivalent of (4.14), in effect the 
quantity K{s,t) may be replaced by -iL of (4.15), yielding: 



X 



2n 



4 r 
3 



+ -Le 
3 



(4.16) 



as the complete eikonal in leading-log approximation for the SU(2) problem (e.g., of 
nucleon-nucleon scattering by the exchange of neutral and charged vector mesons, 
with conserved isospin). 

Perhaps the most obvious feature of (4.16) is its proportionahty to ■ a^^ , which 
quantity takes on isoscalar or isovector eigenvalues depending on the nature of the 
initial scattering states. A second interesting property is that, by expressing the 
exp[L] factors of (4.16) in terms of: 



(s/m^) 



one finds an "effective Reggeization" of the eikonal, where s here again denotes total 
CM (energy)^. For 7^ 0, there is httle contribution to the scattering amphtude for 
small 6; and hence if Ko{iib) is approximated as ~ exp[— //fo], one obtains forms simi- 
lar to those found in the Reggc-cikonal approximation of multipcripheral scattering, 
except that this eikonal is real. In fact, the amplitude, constructed in the generic 
form (and suppressing all inessential factors): 



is / bdbJo(qb) 
Jo 



(4.17) 



exhibits a variant of a "hard disc" scattering solution, in that there are two re- 
gions of impact parameter, b<bo, which produce different contributions to the am- 
plitude. This can be seen by defining bo as that impact parameter where L{bo) — 
1,60 = /^~^ In [((7^/271^)1^] > fJ,~^,Y = 2\n{E/m), and writing the contributions to 
the amplitude of (4.17) in terms of integrations over these two regions of b. Since 
L{b) = exp[/x(6o — b)], and we assume that Y is large, when b < bo,L is large, as is the 
eikonal of (4.16), and the only significant contribution to the amplitude comes from 
the "1" of the first term of (4.17). When b > bo, L is small, and the only significant 
contribution to the eikonal comes from the "1" of the bracket of (4.16), which we 
shall call xo', this is the contribution coming from the original Ro term of (2.14). This 
argument leads to the representation of the amplitude of (4.17) as the sum of two 
parts: 



T ~ is 



is / bdb Joiqb) -\- is / bdb J^iqb) 
Jo Jbo 



1 - e 



(4.18) 
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or as: 



T r^is bdb Jo(g6)e*^° +is bdb Jo{qb) 1 - e*^° 



(4.19) 




in which the amphtude is characterized by by its simplest eikonal approximation, 
Xoi and by the range parameter bo{E/m) which defines that impact parameter be- 
yond which leading-log corrections force the eikonal to become extremely large and 
oscillatory, thereby removing its contribution from the amplitude. 

Could the same mechanism be operative for the general case of SU(N)? Even 
though we cannot perform the closed sum over all orders of leading-log contributions 
for N > 2, one can anticipate that for a similar bQ^E/m) the eikonal becomes very 
large, contributing a rapidly oscillating and negligible contribution to the amplitude, 
which may be written in the form of (4.18) or (4.19), with the invariant of xo 

replaced by ■ A^^. We think it a reasonable conjecture that this simple form is the 
actual result of the complete SU(N) calculation. Of course, this point is somewhat 
academic, since when energies are large enough to take leading-logs seriously, other 
processes which have here been neglected (e.g., multiperipheral production) are going 
to appear. Nevertheless, it is of some theoretical interest to examine an amplitude 
constructed from the eikonal of (4.16), under the assumption that \a{E/m) » 1; and 
it will be most interesting to see if similar structures and simplifying approximations 
are going to appear in the study of other eikonal processes which refiect the growth 
of inelastic particle production with increasing energies. 

V Other Processes 

An important variation of the non-abelian eikonal scattering problem is found 
when self-energy processes (as in radiative corrections to other QCD n-point func- 
tions) are attempted. Here, one may make use of the new, exact and approximate 
representations for the needed Green's functions of reference in which dependence 
on the source fields, and F^i, is that of an OE of linear form; for the simplest 
example, we omit the terms, and work in a quenched approximation, so that the 
sum of all radiative corrections to the fermion propagator will require evaluation of 
the quantity: 



in the limit of s ^ oo and ia{.s') 0. Here, Qa,b{s,t) is considerably more compli- 
cated than the corresponding function of an eikonal scattering amplitude (although 
the resemblance becomes closer if an improper, no- recoil approximation is adopted), 
but must satisfy Qab{s,t) = Qba(t,s). 

Using techniques modeled after those sketched above, it is easy to see that a 
representation of (5.1) is given by the formal OE: 




ill '^aQabOb . gi / 
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R{s\0= exp 



ds j dt'XaQab{s',t') 

L \ JJ / +{s') 

(5.2) 

where Ki){s,t\iu) = ^e*-^* ^'^^ \b ^e~*-^t ^'^^ . The same, formal expansion corre- 
sponding to (3.4) and (3.5) may be defined, except that Rq is now multiphed by 
the exponential factor exp[| / C,QC,], which has the effect of inserting polynomial ^- 
dependence into all the exponents of subsequent and the power-counting argu- 
ments given above must be appropriately modified. 

Perhaps the most interesting generalization of the forms of Section III should 
appear in eikonal quark-scattering models when gluon-gluon interactions (e.g., the 
"tower graphs" and their generalizations) are taken into account. Before a functional 
treatment can be attempted, even in the relatively simple models described in the last 
chapters of references and |^ , it is necessary to have a decent representation - as a 
functional of an equivalent gluon source used to represent internal, "s-channel" gluon 
exchanges - for the Green's function corresponding to the t-channel gluons exchanged 
between quarks. For the eikonal situation where different spin-one bosonic fields are 
used to describe distinct t- and s- channel exchanges, respectively, such a represen- 
tation now exists 0, and can be written down without undue complications; for the 
single gluonic field of real QCD, the situation is similar but not as straightforward. 

If these calculations can be carried through for the tower graphs (corresponding 
to two-gluon, t-channel exchange between scattering quarks) in a functional context, 
using contiguity as appropriate, there should then be an immediate functional gener- 
alization which includes multiple, t-channel gluon exchanges. Such estimates of the 
QCD eikonal would be most relevant to high-energy particle scattering experiments. 



VI Summary and Acknowledgements 

In this paper we have shown how the formidable, non-abelian eikonal combination 
(1.1) may be written as the OE R{s\r]) in the limit as s oo, and r/ ^ 0; and have, by 
contiguity, isolated a sub-set of terms which exponentiate and contribute directly to 
the eikonal function, and which contain appropriate \n{E/m) dependence associated 
with the leading-log behavior of every perturbative order. For SU(2), these terms 
may be summed to all orders, generating an eikonal dependent on the total isospin 
of the scattering channel, which displays a form of Reggeization peculiar to this set 
of graphs summed. 

Contiguity may also be phrased in terms of the original ansatz, R{s\ri) = RqUo, 
by replacing the exact Uq of (3.2) by its contiguity approximation, as used for the 
SU(2) calculation. However, at least for the specifically perturbative estimates of 
\n{U), it appears to be simpler to adopt contiguity in the context of the Rn- As 
explained in Section III, contiguity together with the elimination of obviously sub- 
leading terms, provides a straightforward method for the estimation of the eikonal's 
leading-log terms in every perturbative order. We have found an elementary method 
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for summing all such terms in SU(2), and conjecture the form of a simplified eikonal 
amplitude for all A^. 

In summary, we cannot here claim to have given the complete solution to the prob- 
lem of non-abelian field-theory structure; but, rather, a new and complete functional 
formulation (for eikonals and related self-energy graphs), and a "contiguity" method 
of extracting those terms which are certainly going to be exponentiated, and which 
seem to correspond to the identification of leading ln{E/m) dependence appearing 
in the construction of specifically non-abelian eikonals. It is hoped that these new 
techniques will be useful for other processes, as discussed in the previous Sections. 

In particular, it is now appropriate to explain to the patient reader how this 
procedure - which lacks manifest gauge invariance in a Yang-Mills context - can be 
incorporated within a larger scheme, in order to obtain strictly gauge-invariant results 
for physical scattering amplitudes. There are three separate issues involved. In any 
eikonal calculation, one is searching for the proper separation of longitudinal/timelike 
momenta from transverse momenta - this is the problem attempted from first princi- 
ples by Verlinde and Verlinde while at the same time, one is trying to sum over 
the contributions of all perturbative orders for the classes of graphs considered; and, 
simultaneously, one must insist on the restrictions of gauge invariance. 

The eikonal calculation of the present paper, with its ability to extract leading- 
/n(s) dependence, is intended to be used as an initial step in a complete functional 
expression for the scattering of a pair of quarks, which includes all gluonic self- 
interactions as part of a "gluonic sector" described by the methods of Halpern 0, 
or its slight generalization by Fried |TD[. The A^-dependence of these formulations 



takes the form of an exponential of linear and quadratic forms, so that the Q{s,t)- 
propagator of (1.1) is now dependent upon auxiliary fields, and is linked to subsequent 
functional integrals which describe the gluon self-interactions; extra functional inte- 
grations maintain gauge restrictions. The insertion of the forms of this paper then 
leads, as an intermediate step, to a rather complicated set of functional integrals; but 
in the integrands of these functional integrals, one has already extracted the leading 
ln(s) behavior of the simple eikonal where s is essentially given by quark kinematics. 
For large s, by a rescaling of the auxiliary functional integrands, one can now try 
to approximate and to extract relevant gluon self-interaction structure, in this large 
s /small t limit; and in a gauge invariant way. These calculations are presently un- 
derway, and whether they will succeed is not yet known; but this is the reason why a 
functional evaluation of the leading-log behavior of the simple eikonal form of (1.1) 
can be relevant to quarks and gluons. 

It is a pleasure to thank Jean Avan for some discussions of doubly-ordered expo- 
nentials; Jean-Rene Cudell for pointing out expected group structures, in association 
with ln{E/m) dependence, in models of quark-quark scattering; and T. T. Wu for a 
critical discussion of the contiguity approach. 
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